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Abstract
A nonhomogeneous fluid in accelerated motion is investigated. When
the velocity field v(x) is not constant, the geometry viewed by a static
observer is curved, as if the observer were immersed in a gravitational
field. A velocity-dependent gravitational potential is introduced, which
obeys an Yukawa-type equation, written in Cartesian coordinates. The
timelike and null geodesic equations are investigated. One finds that the
fluid has zero energy density and the anisotropic pressures will no longer
depend on ~ for time intervals t >> 1/m, where m is the field mass.
Keywords: anisotropic pressures; semiclassical field; gravitational po-
tential; geodesics
1 Introduction
Analogue spacetimes provide general relativists with concrete physical models to
help focus their approach. Conversely, the techniques of curved spacetime may
help improve our understanding of condensed matter physics [1, 2]. The first
analogue spacetime with optics-based contribution was introduced by Gordon
- the so-called Gordon metric [3], but a simple model for a dumb (”acoustic”)
black hole (BH) has been introduced by Unruh [4], where sound is dragged along
by a moving fluid.
The key idea in analogue spaces is to consider some sort of ”excitation”
of some kind of ”background” [2]. Visser [5] showed that the connection be-
tween the Schwarzschild geometry and the acoustic metric is best expressed by
the Schwarzschild line-element in Painleve-Gullstrand (PG) coordinates [6, 7].
He studied the propagation of sound waves (the high frequency limit) through
a moving nonhomogeneous medium. The fluid velocity plays the role of the
velocity
√
2M/r from the PG metric, where M is the BH mass.
To generalize Gordon’s metric, Visser [2] considers there is no reason to
compute the Einstein tensor because the physics is completely different. Our
opinion is that the physics is not different and therefore we calculate the stress
1
tensor and the curvature invariants for the curved spacetime created by a moving
fluid, say along the x-axis, with a velocity vector field v(x). We stress that the
geometry does not represent an acoustic metric since the velocity c from the
line-element is the velocity of light in vacuo, and not the velocity of sound, as
in [5].
We introduce in Sec.2 the geometry viewed by an observer w.r.t. whom the
medium has velocity v(x) and exhibit its basic quantities from the point of view
of General Relativity (GR). We also study the particular situation when the
stress tensor vanishes for some form of the velocity field, when the metric is of
Rindler-type. Sec.3 is devoted to the properties of the anisotropic fluid. In Sec.4
a scalar gravitational potential is introduced and one investigates the geodesics
in a geometry where the velocity field depends on that scalar potential. The
paper ends with few conclusions in Sec.5.
We use geometrical units (c = G = ~ = 1) throughout the paper, unless
otherwise specified.
2 The moving fluid geometry
Let us consider a non-homogeneous fluid [5] with the velocity v(x), flowing along
the x-axis of the Cartesian coordinates (t, x, y, z) w.r.t. a static observer
ds2 = −(1− v2(x))dt2 − 2v(x)dtdx + dx2 + dy2 + dz2, v(x) ≥ 0. (2.1)
The cases v = 0 or v = const. give us the Minkowski flat space. However, a
variable velocity leads to a curved metric, with a nonzero source Tab in Einstein’s
equation Gab = 8piTab (a, b run from t to z). The geometry (2.1) is a solution
of the Einstein equations provided
8piT yy = 8piT
z
z = −v′2 − vv′′ = −
d2
dx2
(
v2
2
)
, (2.2)
with v′ = dv(x)/dx and all the other components of the stress tensor are van-
ishing. Therefore, the medium is anisotropic, the scalar curvature of (2.1) is
Raa = 2(v
′2 + vv′′) and the Kretschmann scalar K = (Raa)
2.
We look now for the expression of v(x) which obeys the condition (vacuum
solution)
v′2 + vv′′ = 0 (2.3)
With appropriate initial conditions, (2.3) yields
v(x) =
√
2gx, (2.4)
where g is a positive constant and x is taken to be nonnegative. In addition,
with v(x) given by (2.4), one finds that the Riemann tensor vanishes so that
the metric (2.1) becomes flat. We show now this is nothing but the Rindler
spacetime, written in different coordinates. With v(x) from (2.4), eq. (2.1)
appears as
ds2 = −(1− 2gx)dt2 − 2
√
2gxdtdx+ dx2 + dy2 + dz2. (2.5)
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To get rid of the off-diagonal term, we change to a new time u
du = dt+
√
2gx
1− 2gxdx. (2.6)
When one introduces (2.6) in (2.5), we get
ds2 = −(1− 2gx)du2 + dx
2
1− 2gx + dy
2 + dz2, (2.7)
that is the Rindler metric, with g the constant acceleration. In other words, the
variable v(x) from (2.4) is the only expression leading to a flat geometry.
If we name − v2(x)2 = Φ(x), one may consider Φ(x) as a velocity potential. In
that case, constant v (inertial motion) means constant scalar potential Φ. When
v(x) is given by (2.4), we have Φ(x) = −gx and −dΦ/dx gives the constant
acceleration g. Hence, we may consider Φ(x) as a gravitational potential and
so one could define the inertial motion as a motion in a constant gravitational
potential [8].
We take the velocity 4-vector of an observer comoving with the medium to
be given by
ua = (1, v(x), 0, 0), uaua = −1. (2.8)
One easily finds that ab = ua∇aub = 0; that is, ua is tangent to the timelike
geodesics. It is worth noting from (2.8) that the time t is the proper time τ of
the comoving observer, so that ux = dx/dτ = dx/dt = v(x) =
√
2gx, whence
x(t) = gt2/2 and v(x(t)) = gt, as in Newtonian mechanics.
3 Anisotropic pressures
As the fluid given by (2.2) is anisotropic, we write down the general expression
of Tab in terms of the anisotropic pressures piab, for any v(x). We have [9]
Tab = ρuaub + phab + piab + uaqb + ubqa, (3.1)
where the energy density ρ = Tabu
aub, the isotropic pressure p = (1/3)habTab,
the energy flux qa = −habT bc uc and the anisotropic pressure
piab =
1
2
(
hachbdT
cd + hbchadT
cd
)− 1
3
habh
cdTcd, (3.2)
with hab = gab+ uaub and habu
b = piabu
b = ubqb = pi
b
b = 0. The components of
T ab from (2.2) and of u
a from (2.8) yield
ρ = 0, p =
2
3
T yy = −
1
12pi
(v′2 + vv′′), qa = 0. (3.3)
As far as the anisotropic pressures are concerned, the only nonzero components
are
pixx = −2piyy = −2pizz = −
pixt
v
=
1
12pi
(v′2 + vv′′), pibb = 0. (3.4)
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We notice that pixx is the opposite of the isotropic pressure p. Hence, in the
spacetime (2.1) one experiences different pressures on the longitudinal and
transversal directions. Their signs depend on the concrete expression of the
velocity field.
Keeping v(x) general and using ua from (2.8) we find, apart from ab = 0,
that the expansion scalar Θ = ∇aua = v′(x) and
σxx = −2σyy = −2σzz = −
σxt
v(x)
=
2
3
v′(x). (3.5)
In addition, 2σ2 ≡ σabσab = (4/3)v′2, where σab is the shear tensor.
4 Geodesics
In order to determine the geodesic trajectories in the geometry (2.1), we have
to specify v(x). Let us choose v(x) such that pixx is proportional to v
2(x). We
take
d2
dx2
(
v2(x)
2
)
≡ v′2 + vv′′ = k
2v2
2
, (4.1)
where the constant k is an inverse length, with k = 0 when v = const. In terms
of the potential Φ (4.1) may be written as
Φ′′(x) − k2Φ(x) = 0. (4.2)
The eq.(4.2) looks like an equation of motion for a classical massive scalar po-
tential Φ(x). It is similar with the Yukawa potential from nuclear physics, ex-
cepting that Φ(x) acts only along x-direction but nuclear potential is spherically
symmetric. We consider k = 2m, where 2m is taken as the mass of the parti-
cle associated to the field (pion mass for nuclear forces). The eq.(4.2) may be
thought of as the Poisson equation with zero mass density but adjusted with a
cosmological term, as Einstein did in 1917, even though (4.2) is one dimensional.
We assume the mass m is of the order of the electron mass. The previous
equation becomes
Φ′′(x)− 4m2Φ(x) = 0, (4.3)
whence Φ(x) = − 12e−2mx, with appropriate initial conditions. Therefore, v(x) =
e−mx, because the velocity was chosen positive.
Timelike geodesics
We have seen that the velocity 4-vector ua is tangent to the timelike geodesics
with a null 4-acceleration, so that
ux =
dx
dt
= e−mx, (4.4)
which gives us
x(t) =
1
m
ln(1 +mt), (4.5)
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with x(0) = 0. When the fundamental constants are introduced in (4.5), one
obtains for the geodesic trajectory
x(t) =
~
mc
ln
(
1 +
mc2
~
t
)
. (4.6)
Our choice was m = me = 9.10
−28gm. Hence, ~/mc ≈ 10−11cm and mc2/~ ≈
1021s−1. For example, after t1 = 10
−21s, x(t1) takes value (~/mc)ln2 ≈ 0.7 ×
10−11cm. But after t2 = 1s, x(t2) ≈ 21 × 10−11ln10 ≈ 4.8 × 10−10cm. Even
for t3 = 10
18s, x(t3) remains microscopic: x(t3) = 9 × 10−10cm. Although the
velocity
v(t) =
dx
dt
=
1
1 +mt
(4.7)
is unity at t = 0, the test particle is slowing down very fast, due to the huge
pressure pixx (as we shell see) and so x(t) preserves its microscopic value. The
fact that the instantaneous velocity of the test particle equals the speed of
light in vacuo remind us of the ”zitterbewegung” phenomenon, well-known from
Quantum Mechanics. In addition, one notices that x → t when m → 0 and
x → 0 when ~ → 0 (because v → 0, too). In other words, the potential Φ is
semiclassical: it depends on ~ and vanishes when ~→ 0.
From (4.7) one can compute the acceleration a(x) = −dΦ/dx, or
a(t) =
dv(t)
dt
= − m
(1 +mt)2
. (4.8)
Numerically, the initial acceleration is a(0) = −mc3/~ = −3 × 1031cm/s2, an
extremely high (negative) value. However, after t1 = 1s, the acceleration is
already a(t1) = 10
−11cm/s2. We now estimate the anisotropic pressures; say,
along the x-direction. We have
pixx =
1
6pi
m2
(1 +mt)2
. (4.9)
Its initial value is pixx(0) = m
2/6pi ≈ 1068N/m2, with x(0) = 0 and v(0) = 1.
However, for t >> 10−21s, we might neglect the unity at the denominator and
one obtains much smaller values, with pixx ≈ c2/6piGt2, which no longer depends
on ~ or m. The last expression is, when we take t ≈ 1018s, the cosmological
pressure, well-known from the FRW cosmology.
Null geodesics
The condition ds2 = 0 in (2.1) leads to
(
dx
dt
)2
− 2v(x)dx
dt
+ v2(x) − 1 = 0, (4.10)
whence
dx
dt
= v(x) ± 1. (4.11)
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Since v(x) is taken to be positive, only the minus sign in (4.11) is convenient.
One obtains
dx
dt
= − mt
1 +mt
, x(t) = −t+ 1
m
ln(1 +mt), (4.12)
with x(0) = 0 and x→ −∞ when t→∞. It is worth observing that x(t) ≤ 0 for
any nonnegative time t. In addition, x ≈ −t, excepting when t << 1/m. In that
case we have, indeed, ln(1+mt) ≈ mt−m2t2/2, so that x(t) ≈ −mt2/2, a very
tiny value. In other words, the null geodesic deviates from its classical expression
x = −t only for very short time intervals, much shorter than 1/m ≈ 10−21s.
5 Conclusions
Although Visser [2] stated that there is no reason to compute the Einstein tensor
because the physics related to Gordon’s paper on moving fluids is different, we
focused in this paper exactly on the source stress tensor, its properties and other
quantities related to it. The accelerating anisotropic fluid has no energy density
but nonzero pressures (positive along the direction of motion and negative on the
transversal directions). The pressures depend on ~ only for time intervals much
less than 1/m. Otherwise they appear classical. We also found the timelike and
null geodesics trajectories and investigated their properties.
References
[1] S. Liberati, S. Schuster, G. Tricella and M. Visser, Phys. Rev. D99, 044025
(2019); arXiv: 1802.04785.
[2] M. Visser, Lecture Notes in Physics 870, 31 (2013); arXiv: 1206.2397.
[3] W. Gordon, Ann. Phys. (Leipzig) 72, 421 (1923).
[4] W. Unruh, Phys. Rev. Lett. 46, 1351 (1981).
[5] M. Visser, Class. Quantum Grav. 15, 1767 (1998); arXiv: gr-qc/9712010.
[6] P. Kraus and F. Wilczek, arXiv: gr-qc/9406042.
[7] H. Culetu, arXiv: 1802.04125.
[8] H. Culetu, Progr. Theor. Exper. Phys. 123E02 (2016); arXiv: 1605.04467.
[9] W. Zimdahl, H. Velten and W. C. Algoner, Universe 2019, 5(3), 68; arXiv:
1903.03383.
6
